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Abstract 

Black p-brane solutions for a wide class of intersection rules and Ricci-flat "internal" 
spaces are considered. They are defined up to moduli functions H s obeying non-linear 
differential equations with certain boundary conditions imposed. A new solution with 
intersections corresponding to the Lie algebra A3 is obtained. The functions H\, H2 and 
H3 for this solution are polynomials of degree 3, 4 and 3, correspondingly. An example of 
^-solution with three 3-branes in 12-dimensional model (suggested by N. Khviengia et 
al) is presented. 

PACS: 04.20. Jb; 04.50. +h; 04.70.Bw; 02.20.Sv; 02.30.Hq 
Keywords: Black-branes; polynomials; Lie algebras 



1 mag@gr avi . phys . msu . su 

2 ivas@rgs. phys.msu.su 

3 melnikov@rgs . phys . msu. su 



1 Introduction 



In this paper we continue investigation of the black-brane solutions with arbitrary intersection 
rules |T], ^ 0fl . These solutions are governed by functions H s = H S (R) obeying a set of second 
order non-linear differential equations (equivalent to Toda-type ones) with certain boundary 
conditions imposed. 

More general spherically symmetric solutions were obtained in [14| using the sigma-model 
approach from |7|, [13], §]. For another (algebraic) approach see also H H, || and references 
therein. 

In order to simplify the investigation of such model and obtain exact solutions the following 
conjecture was suggested in [|IJ: the functions H s are polynomials if the p-brane intersection 
rules correspond to semisimple Lie algebras. This conjecture was verified for solutions with A m 
and C m series of Lie algebras H, |3| and also confirmed by special black-brane "block-orthogonal" 



solutions considered earlier in [15, 16]. It should be noted that an analogue of this conjecture 



for extremal black holes was considered earlier in ITT 



Although the conjecture mentioned above allows one to reduce the set of differential equa- 
tions to the system of algebraic one, it still seems to be very difficult to get the general solution 
to this set of equations too. So, the only way of obtaining exact solutions is to investigate 
special cases with different Lie algebras (such as A 2 , C 2 etc.). 

The simplest nontrivial example of black-brane solution corresponding to Lie algebra A 2 = 
sl{3) was obtained in |], [| (e.g. dyonic solutions in 11-dimensional supergravity). This A 2 - 
solution was governed by two polynomials Hi and H 2 of degree 2. The coefficients of polyno- 
mials and charges were the functions of some parameters Pi and P 2 and had a rather simple 
form. 

Here we present a new solution corresponding to the Lie algebra A 3 and governed by three 
polynomials of degree 3, 4 and 3. The coefficients of polynomials exhibit a non-meromorphic 
dependence upon parameters Pi, P 2 and P 3 : a term, which is a square root of a polynomial of 
degree 4, appears. (For the special case with Pi = P 3 the solution was already obtained and 
investigated in ftTH]). Here we also suggest an example of v4 3 -solution with three 3-branes in 



12- dimensional model from 19 



2 p-brane black hole solutions 

Consider a model governed by the action 

S = [ d D xy/\f\{R\g] - Kpg MN d M ^ a d N ^ - £ ^ exp[2\ a (<p)](F a ) 2 } (1) 

where g = gMN{x)dx M ® dx N is a metric, ip = (ip a ) G M! is a vector of scalar fields, (h a p) is a 
constant symmetric non-degenerate I x I matrix (I 6 N), 9 a = ±1, 

F a = dA a = — } F^ i Mna dz Ml A ... A dz M - (2) 

is a n a -form (n a > 1), A a is a 1-form on W: \ a (<p) = X aa f a , a G A, a = 1, . . . , I. In (HD we 
denote \g\ = | det(^ M 7v)|, {F a f g = F^ Mna F^ Nna g M ^ . . . g M ^ % a G A. Here A is some 
finite set. It should be noted that in the models with one time all 9 a = 1 if the signature of the 
metric is (—1, +1, . . . , +1). 
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Let us consider (black-brane) solutions to the field equations corresponding to the action 
(HD from |], H, H|]. These solutions are defined on the manifold 

M = (Rq, +oo) x (Mi = S dl ) x (M 2 = R) x . . . x M n , (3) 

and have the following form 

p=(II fff-'W^- 2 )) {/-Mi? ® ^ + R 2 dn\ (4) 

n 

- (n H 7 2ha )fdt®dt + J2(U H7 2h ^ )g i }, 

sgS i=3 se5 

exp(^) = n^ SX ^% ( 5 ) 

where / = 1 - 

^ S = Q s r(I s ), s G (8) 

Here Q s ^ (s G S) are charges, R > 0, R$ = 2fi > and J = di - 1. In (g) = 
(yi)dy" H g) tfa/^ is a Ricci-flat metric on Mj, i = 3, . . . , n and 5u = * s ^ ne indicator 

of i belonging to i: 5u — 1 for i G / and 5y = otherwise. Here g 2 = — (it CED (it, and g l = dVL^ 
is a canonical metric on unit sphere M\ = S dl , 
The p-brane set S is by definition 

S = S e U S m , ^ = U aeA {a} x {v} x n a)1> , (9) 

u = e, m and f2 Qie , VL a ^ m C fi, where f2 = Q,(n) is the set of all non-empty subsets of {2, ... , n}, 
i.e. all p-branes do not "live" in Mi. 

Any p-brane index s G S has the form s = (a s ,v s ,I s ), where a s G A, v s = e,m and 
i s G fi as ,i> s - The sets 5 e and S m define electric and magnetic p-branes, correspondingly. In (0) 
Xs = +1) — 1 for s G 5* e , S* m , respectively. All p-branes contain the time manifold M 2 = M, i.e. 

2 G I s , Vs G & (10) 

All manifolds Mj, i > 2, are oriented and connected and 

n = V\g l (y*)\ dy\ A... Adyf', (11) 

are volume cfj-forms, where di = dimMj, % = l,...,n, with di > 1 and c?2 = 1. For any 
i = {zi, . . . , ik} G fi, ii < . . . < ik, we denote 

r(i) =r n A... Ar ifc , d(i) = ^^. (12) 

ieJ 
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The forms T s correspond to the electric and magnetic p-branes for s G S e , S m , respectively. In 
(H) we use the notation I = {1, . . . , n} \ I. 

The parameters h s appearing in the solution satisfy the relations: h s = (B ss ) , where 

B ss , = d{I s n Jy) + d -&M + X sXs>Ka s \pa s ,h aP , (13) 

s, s' G S, with (/i a/3 ) = (/i^) -1 and £> = 1 + Ym=i d%- Here we assume that 

(i) B ss ^ 0, 

s G S 1 , and 

(ii) det(S^) ^ 0, 

i.e. the matrix (B ss >) is a non-degenerate one. 
Let us consider the matrix 

(A ss ,) = {2B SS ,/B S , S .) . (14) 

Here some ordering in S is assumed. 

The functions H s = H s (z) > 0, z = 2fi/R d G (0, 1), obey the equations 



d ( jl-z) dH s \ rr Ass , 

dz{ H s dz ~ VV S ' ' 



(15) 



'es 

equipped with the boundary conditions 



H s (l-0)=H s0 E(0,+oo), (16) 

H s (+0) = 1, (17) 

s G S. Here 

fi s = B ss e s Q 2 J{2dfi) 2 , e s = {-e[g\) { - 1 -^ 2 e{I s )e as , (18) 

s E S, e[g\ = sign det((7MAf)- More explicitly eq. ( |i~8|) reads: e s = e(I s )6 as for w s = e and 
e s = -e[g)e(I s )9 ag , for v s = m. 

Eqs. (O) had to be solved in order to obtain explicit solutions. They are equivalent to 
the Toda-type equations j|. The first boundary condition (|i~6"|) guarantees the existence of a 
regular horizon at R d = 2/x. The second condition (|17"D ensures an asymptotical flatness (for 
i? — > +oo) of the (2 + di) -dimensional section of the metric. 

Due to eqs. (0) and (H), the dimension of p-brane world volume d(I s ) is defined by relations: 
d(I s ) = n as — l, d(I s ) = D — n as — l, for s G S e , S m , respectively. For ap-brane we use a standard 
notation: p = p s = d(I s ) — 1. 

The solutions are valid if the appropriate restriction on the sets Q atV is imposed. This 
restriction guarantees the block-diagonal structure of the stress-energy tensor. We denote 
Wi = {i\i G {2, . . . , n}, di = 1} and n\ = \w\\ (i.e. n\ is the number of 1-dimensional spaces 
among Mi, i — 2, . . . , n). It is clear, that 2 G W\. 

Restriction. Let la) n\ < 1 or lb) n\ > 2 and for any a G A, v G {e,m}, z,j G u>i ; i 7^ j, 
i/iere are no I, J & Q a)V such that i G / , j G J and I \ {i} — J \ {j}. 

This restriction is satisfied in the non-composite case: \fl a , e \ + |^a,m| = 1? (i- e when there 
are no two p-branes with the same color index a, a G A.) The restriction forbids certain 
intersections of two p-branes with the same color index for n\ > 2. 
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The Hawking temperature corresponding to the solution has the form |T| 



where if s o are defined in flltf ). 

The solution under consideration describes a set of charged (by forms) overlapping black 
p-branes "living" on submanifolds of M 2 x . . . x M n . 

3 Examples of solutions 
3.1 "Block-orthogonal" solutions 

The simplest polynomial solutions of eqs. (|T5| ) occur in orthogonal case []8], |9], [Li], [12], fC|], when 



5 SS , = 0, (20) 

for s s', s, s' G S. In this case (A ss /) = diag(2, . . . , 2) is a Cartan matrix for semisimple Lie 
algebra A\ © . . . © A x and 

# s (z) = 1 + P s z, (21) 

with P s 7^ 0, satisfying 

P s (P s + l) = -B s , (22) 

s G S. For positive parameters P s > we get negative B s < 0. 

In [ 151, HH this solution of eqs. ( |15|) was generalised to the "block-orthogonal" case: 



S = SiU...U5», ^0^ = 0, i^j, (23) 
5j 7^ 0, i.e. the set S is a union of k non-intersecting (non-empty) subsets SV, . . . , S/., and 



relation (|20| ) is satisfied for all s G S^, s' G Sy, z 7^ j; i, j = 1, . . . , k. In this case eq. (pij) is 
modified as follows 

tf s (z) = (l + P s z) 6S , (24) 

where 

6 S = 2^A SS ', (25) 

(A ss ') = (Ass')" 1 and parameters P s are coinciding inside blocks, i.e. P s = P s i for s,s' G Sj, 
i = 1, . . . , k. Parameters P s 7^ satisfy the relations Q2"2] ) and parameters B s are also coinciding 
inside blocks, i.e. B s = B s i for s, s' G Si, i = 1, . . . , k. 

Let (A ss /) be a Cartan matrix for a finite-dimensional semisimple Lie algebra Q. In this 
case all the powers in (p5|) are natural numbers coinciding with the components of twice the 



dual Weyl vector in the basis of simple roots [17| , and hence, all functions H s are polynomials 



s G S. The following conjecture may help in finding solutions of eqs. flT5|). 

Conjecture 0. Le£ (A ss /) 6e a Cartan matrix for a semisimple finite-dimensional Lie 
algebra Q . Then the solution to eqs. (j7^)-([7^) (if exists) is a polynomial 

H s {z)=l + Y, P s k)zk i ( 26 ) 

k=l 
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where Pj fe ^ are constants, k = 1, . . . , n s , the integers n s = b s are defined in §BJ and pH ^ 0, 
s G S. 

This conjecture was verified for A n and C n series of Lie algebras H, E|. 111 the extremal case 



/i = +0 an a analogue of this conjecture was suggested earlier in JTT 



3.2 Solution for Ai algebra 

Here before coming to solutions for A 3 algebra we present the polynomial solution from |], |2[ 
corresponding to the Lie algebra A 2 = sl(3) with the Cartan matrix 

(^0 = ( \ "o 1 V (27) 



-12 

The moduli polynomials read in this case as follows 

H s = l + P s z + PPz 2 , (28 
where P s = Pj 1} and P s {2) ^ are constants and 



p(2) _ PsPs+l(Ps + 1) 

s ~ 2(P a + P 2 + 2) 



(29) 



P(P + l)(P s + 2) 
5s = P 1 + P 2 + 2 ' (30) 

s = l,2. Here Pi + P 2 + 2^0. 

In the v4 2 -case the solution is described by relations @-@ with S = {si, s 2 } and intersection 
rules are following from (13), (|14]) and (p7[) 



d(I sl n J S2 ) = d(/ g K 2 Js2) - X Sl Xs 2 A flsi ■ A as2 - Iff, (31) 

- + K ■ A asi = K, (32) 

where K 7^ and functions H s . = Hi are defined by relations (ES|)-(|3TX) with z = 2fiR~ d , 
i = 1,2. Here and in what follows A ■ A = \ a \^h al3 . 

3.3 Solution for ^3 algebra 

Now we present the new solution related to the Lie algebra A3 = s/(4) with the Cartan matrix 



{A ss ,) =1-1 2 -1 . (33) 




According to Conjecture we seek the solution to eqs. (|I"5|)-(|T7|) in the following form 

H 1 (z) = l + P 1 z + P[ 2) z 2 + Pf z 3 , (34) 
H 2 (z) = l + P 2 z + P (2) z 2 + P 2 (3) z 3 + P 2 (A) z\ (35) 
H 3 (z) = 1 + P 3 z + P 3 ( V + P 3 ( V, (36) 
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where P s = Ps and pj fc ^ are constants, s = 1, 2, 3. 

Here we outline the result obtained by computer calculations. For ^-parameters fllSf) we 
get the following relations 

B i = n , n , „ 1 „ ttt [l2 — A — 2Pf - 2P 2 (3 - P 3 ) + 6P 3 



2(2 + P x + P 2 - P 3 ) l 

+P 2 (4 + P 2 )(3 + P 3 ) + Pi(2 + P 2 (4 + P 2 ) + 6P 3 ) 

' f 12- A + 6P1 + (3 + Pi)P 2 (4 + P 2 



2(2 - P x + P 2 + P 3 

+ (2 + 6Px + P 2 (4 + P 2 ))P 3 - 2(3 - P)P 3 2 - 2P| 

i f(2 + P 2 )(A 

(2 + P + P 2 - P 3 )(2 -P 1 + P 2 + P 3 ) L l 2n 

-(2 + P 2 )(2 + (2 + P 2 ) 2 + 2PP 3 + 3(Pi + P 3 ))) 



B, 



and for parameters Pi' '' in (p)|)-(|T7|) we obtain 



Pi 



(2) 



4(2 + P 1 + P 2 - P 3 ) 



>(2) 



4(2 - P x + P 2 + P 3 



12 - A + 2P 2 P 2 + 6P 3 + P 2 (4 + P 2 )(3 + P 3 
+Px(6 + P 2 (6 + P 2 ) +4P 3 
12 - A + 6Pi + (3 + Pi)P 2 (4 + P 2 



(3) 



1 



P 



(3) 



P 



(2) 



2(2 + P 1 + P 2 - P 3 )(2 - Pi + P 2 + P 3 



+2P(4 + 3P 2 )P 3 + 3(2 + P 2 ) 2 (P X + P 3 ) + P 2 (l + P 2 )(P 2 + P 2 )) 



P 



(3) 



1 



P 



(-1) 



6(2 + P + P 2 - P 3 )(2 - P x + P 2 + P 3 
+A(2 + P + P 2 + P 3 ) - P|(18 + Px(9 + P) + P 3 (9 + P 3 )) - 2(2 + P 1 + P 3 

x(6 + 2PP 3 + 3(P X + P 3 ) + P 2 (9 + P 1 P 3 + 2(Px + P 3 )))) 
' ( 2 + p 2 )(-((3 + P 2 )(2 + P 2 + P 3 



24(2 + P 1 + P 2 - P 3 )(2 - P + P 2 + P 3 
x(12 - A + 6P 3 + P 2 (4 + P 2 )(3 + P 3 ))) + P((-2 - P 2 )(3 + P 2 ) 2 (4 + P 2 ) 
-2(42 + P 2 (42 + P 2 (12 + P 2 )))P 3 - 2(2 + P 2 )(6 + P 2 )P 3 2 + A(3 + P 2 + 2P 3 )) 

-P 2 (P| + 2(3 + 2P 3 ) 2 + P|(7 + 2P 3 ) + P 2 (18 + 4P 3 (4 + P 3 )))) 



(37) 



(38) 



(39) 



(40) 



(41) 



+ (6 + 4Pi + P 2 (6 + P 2 ))P 3 + 2P 2 P 3 2 



(2 + Px + P 2 )(12 - A + 6Pi + (3 + Pi)P 2 (4 + P 2 )) (42) 



12(2 + P x + P 2 - P 3 
+ (2P 2 (2 + P 2 ) + (2 + P 2 )(6 + P 2 (4 + P 2 )) + P x (14 + P 2 (10 + P 2 )))P 3 

^-A + Pa + Pa) [ Pl((2 + P2)(6 + P2(4 + P2)) + (14 + P2(1 ° + P2))P3 (43) 
+2(2 + P 2 )P|) + (2 + P 2 + P 3 )(12 - A + 6P 3 + P 2 (4 + P 2 )(3 + P 3 )) 

' f -((2 + P 2 )(12- A + 3P 2 (4 + P 2 )) (44) 



(2 + P 2 )(-(P 2 3 (3 + P! + P 3 )) (45) 



(46) 
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where 

A = [p? ((6 + P 2 (4 + P 2 )) 2 + 12(2 + P 2 ) 2 P 3 + 4(2 + P 2 ) 2 P|) (47) 
+2P X (3(2 + P 2 ) 2 (6 + P 2 (4 + P 2 )) + (84 + P 2 (4 + P 2 ) (26 + P 2 (4 + P 2 ))) P 3 

+6(2 + P 2 ) 2 P 3 2 ) + (6(2 + P 3 ) + P 2 (4 + P 2 )(3 + P 3 )) 2 ] 

Here 2 + P 2 ± (P x - P 3 ) ^ 0. 

The A 3 black-brane solution is described by relations (ff)-(|8|), with 5* = {si,s 2 ,s 3 }, and 
intersection rules following from (|i~3[), ( |i~4"D and (|33"D 



d(i sl n J S2 ) = - MsA sl • A as2 - \k, (48) 

n i S3 ) = d(J g K 2 Js3) - x^x^ • A as3 - itf, (49) 

n JJ = rf(J g M 2 /s3) - X Sl Xs 3 Xa Sl ■ A as3 , (50) 

^(4) - + A asi • A asi = K, (51) 

where K ^ and functions = P, are defined by relations (|54])-(|3T)|) with z = 2fiR~ d , 
i = 1,2,3. 

For Pi = 3P, P 2 = 4P and P 3 = 3P with P > we get a special "block-orthogonal" 
solution 

H 1 (z) = (l + Pz) 3 , H 2 (z) = (l + Pz)\ H 3 (z) = (l + Pz) 3 , (52) 



in agreement with the relations fl24|) and (Pq). 

In the special case Pi = P 3 the relations for Hi, H 2 (|34] ) -(|35| ) describe the solution corre- 
sponding to Lie algebra C 2 = so(5) JTJ 



3.3.1 Solution with three 3-branes in D = 12 model 

Now we illustrate the general A% formulae by considering a bosonic field model in dimension 



D — 12 [[0| that admits the bosonic sector of 11-dimensional supergravity as a consistent 



truncation. The action for this model has the following form 

S u = [ rf 1 ^v^{%]-/ / ^M^^-iexp(2A4^)(P 4 ) 2 -^exp(2A 5 ^)(P 5 ) 2 } (53) 
Jm 4! 5! 

+c 12 f A 4 A P 4 A P 4 . 
Here P 4 = cM 3 is the 4-form, P 5 = (M 4 is the 5-form, ci 2 is constant and 

A 4 = -^, A 5 = -2A 4 . (54) 

The model describes electrically charged 2- and 3-branes and magnetically charged 6- and 
5-branes (corresponding to P 4 and P 5 , respectively) with (orthogonal) intersection rules given 
in m. 
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First, we consider the ^-solution for the truncated model (i.e. without Chern-Simons term) 
defined on the manifold 



M = (2/i, +00) x (Mi = S 2 ) x (M 2 = R) x (M 3 = R 2 ) (55) 
x(M 4 = R 3 ) x (M 5 = R 2 ) x (M 6 = R), 

with three electric 3-branes with sets 7, = I Si defined as follows 

h = {2, 3, 6}, I 2 = {2, 4}, J 3 = {2, 5, 6}, (56) 

The ^-intersection rules fl4~8|)-(|51"D read 

d(h n J 2 ) = d(h n i 3 ) = 1, d(F n 7 3 ) = 2, (57) 

(here if = 2). The black-brane solution has the following form 

g = (H^Hzf/^h^dR ®dR + R 2 dQ 2 2 (58) 

-(H^H^fdt ®dt + H^g 3 + H^g 4 + H^g 5 + H^H^g 6 }, 

exp(y?) = (H^H,)^ 2 , (59) 

F 5 = %-H7 2 H 2 dt A dR A r 3 A r 6 + ^-H^^H^dt AdRAr 4 + (60) 
it 2 R 2 

^H 2 H 3 ~ 2 dt A dR A r 5 A r 6 , 

and F 4 = 0, where / = 1 - 2/i/F. 

Here 7^ are charges related to parameters Pi, by formulae F; = — Q 2 /(2/i 2 ), and 
(0)-(H); /x > 0, and the functions H t = H^z^Pj)) are defined by (|§-(||), ©-(0), and 
z = 2/i/F, i = 1, 2, 3. In (|58| ) g a is a flat metric on M a , a = 3, . . . , 6. 

This solution satisfies the equations of motion for the model (|53| ) itself, since the only 
modifications due to Chern-Simons term are related to "Maxwells" equations 

d*F 4 = const F 5 A F 4 , d*F 5 = const F 4 A F 4 , (61) 

and are trivial (since F 4 = 0). 

We remind that the twelve- dimensional model from jn| can be consistently truncated to a 
ten-dimensional Lagrangian that contains all the BPS p-brane solutions of the type I IB-theory. 



4 Conclusions 

In this paper we presented a new black-brane solution with three branes and intersection rules 
corresponding to the Lie algebra A3. The solution is governed by polynomials of degree 3,4,3 
and the coefficients of polynomials exhibit a special dependence upon the parameters Pi, P 2 
and F 3 due to appearance of the term A (see (|4"7|)). (The case P\ = F 3 , corresponding to Lie 
algebra C 2 = so(5) was considered recently in 



The Absolution is more complicated then the A 2 -one, which has a rather simple analytical 
structure. This means that the polynomial solutions for other y4 n -algebras (n > 3) may be even 
more complicated. 
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Other topics of interest is the application of this result to black-brane thermodynamics (e.g. 
relations for the entropy, Cardy-Verlinde type formulas etc) and analysis of post-Newtonian 
effects @. On this way one may expect to clarify the appearance of the function A in the 
solution. Another problem is to find the polynomial solutions for other Lie algebras (at least 
for Ak ones). 

Here we also considered as an example the A 3 -solution with three 3-branes in 12-dimensional 
model from |19| (this model imitates the low-energy limit of hypothetical F theory |2(J). This 
solution may be also generalized to the case of .Bp-models [0 ^ n dimensions D > 12. 
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